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We work with N−dimensional compact real hyperbolic space XΓ with universal covering M and
fundamental group Γ. Therefore, M is the symmetric space G/K, where G = SO1(N, 1) and
K = SO(N) is a maximal compact subgroup of G. We regard Γ as a discrete subgroup of G acting
isometrically on M , and we take XΓ to be the quotient space by that action: XΓ = Γ\M = Γ\G/K.
The natural Riemannian structure on M (therefore on X) induced by the Killing form of G gives
rise to a connection p−form Laplacian Lp on the quotient vector bundle (associated with an irre-
ducible representation of K). We study gauge theories based on abelian p−forms on the real compact
hyperbolic manifold XΓ. The spectral zeta function related to the operator Lp, considering only
the co-exact part of the p−forms and corresponding to the physical degrees of freedom, can be
represented by the inverse Mellin transform of the heat kernel. The explicit thermodynamic fuc-
tions related to skew-symmetric tensor fields are obtained by using the zeta-function regularization
and the trace tensor kernel formula (which includes the identity and hyperbolic orbital integrals).
Thermodynamic quantities in the high and low temperature expansions are calculated and new
entropy/energy ratios established.
PACS numbers: 04.70.Dy, 11.25.Mj
I. INTRODUCTION
It is believed that the real universe is a form of
Friedman-Robertson-Walker models. However, the time-
dependent metrics of these models brings about at least
two inconvenient problems: (i) the definition of vacuum
state in a time-dependent background; the background
starts producing particles in a continuous way, and there-
fore, vacuum states in the Minkowskian sense do not ex-
ist; (ii) the all-important thermodynamic investigation
of the early universe becomes senseless due to the lack
of a proper definition of equilibrium state [1]. Einstein
static universes can meet the inconveniences stated be-
fore. For these type of manifold, a vacuum state can
be unambiguously defined both locally and globally. It
can be shown that a closed universe has the same vac-
uum energy and pressure as a static Einstein universe
[2]. The radius of this universe is the instantaneous ra-
dius of the Friedman-Robertson-Walker universe. Finite-
temperature field theory in curved backgrounds makes
sense again. The thermodynamics of quantum fields in
an Einstein universe for some radius is equivalent to that
of an instantaneously static closed universe. The ther-
modynamics of positive curvature Einstein spaces was
discussed by several authors before. In particular the so-
called entropy bounds or entropy to thermal energy ratios
were calculated and compared with known bounds such
as the Bekenstein bound or the Cardy-Verlinde bound.
For example, for a massless scalar field in S3 space this
was done in [3] and for a massive scalar field in [4]. Here
we wish to extend the evaluation of those type of bounds
to the case of skew-symmetric tensor fields in real com-
pact hyperbolic spaces, a more delicate and involved task
when compared with previous calculations in S3 space, as
we shall see. This paper is divided as follows: In Section
II we set the relevant mathematical tools of the quantum
dynamics of exterior forms of real hyperbolic spaces; in
Section III we apply Fried trace formula to the tensor
kernel and derive the identity and the hyperbolic contri-
butions; in Section IV the spectral functions associated
with exterior forms are obtained; in Sections V and VI we
establish the pertinent high and low temperature expan-
sions and calculate the entropy bounds for the problem
at hand. Comparison with results obtained for a massive
scalar field in S3 and final remarks are left for the last
Section. Throughout this paper we employ natural units,
~ = c = 1; Boltzmann constant kB is also set equal to
the unity.
II. QUANTUM DYNAMICS OF EXTERIOR
FORMS OF REAL HYPERBOLIC SPACES
Let XΓ be a N−dimensional real compact hyperbolic
space with universal covering M and fundamental group
2Γ. Then we can represent M as the symmetric space
G/K, where G = SO1(N, 1) and K = SO(N) is a
maximal compact subgroup of G. We regard Γ as a
discrete subgroup of G acting isometrically on M , and
we take XΓ to be the quotient space by that action:
XΓ = Γ\M = Γ\G/K. Let τ be an irreducible repre-
sentation of K on a complex vector space Vτ , and form
the induced homogeneous vector bundle G ×K Vτ (the
fiber product of G with Vτ over K) over M . Restrict-
ing the G action to Γ we obtain the quotient bundle
Eτ = Γ\(G ×K Vτ ) → XΓ. The natural Riemannian
structure on M (therefore on XΓ) induced by the Killing
form ( , ) of G gives rise to a connection Laplacian L on
Eτ . If ΩK denotes the Casimir operator of K – that is
ΩK = −
∑
y2j , for a basis {yj} of the Lie algebra k0 of
K, where (yj , yℓ) = −δjℓ, then τ(ΩK) = λτ for a suit-
able scalar λτ . Moreover, for the Casimir operator Ω of
G, with Ω operating on smooth sections Γ∞Eτ of Eτ we
have
L = Ω− λτ 1 ; (1)
see Lemma 3.1 of Ref. [5]. For λ ≥ 0 let
Γ∞ (X ,Eτ )λ = {s ∈ Γ∞Eτ |−Ls = λs} (2)
be the space of eigensections of L corresponding to λ.
Here we note that since XΓ is compact we can order
the spectrum of −L by taking 0 = λ0 < λ1 < λ2 < · · · ;
limj→∞ λj =∞. We shall focus on the case whenN = 2k
is even, and we shall specialize τ to be the representation
τp of K = SO(2k) on Λ
p
C
2k, say p 6= k. The case when
N is odd will be dealt with later. It will be convenient
moreover to work with the normalized Laplacian L =
−c(N)L where c(N) = 2(N − 1) = 2(2k − 1). L has
spectrum {c(N)λj ,mj}∞j=0 where the multiplicity mj of
the eigenvalue c(N)λj is given by
mj = dim Γ
∞
(
X ,Eτp
)
λj
. (3)
Let ωp, ϕp be exterior differential p−forms; then, the in-
variant inner product is defined by (ωp, ϕp)
def
=
∫
XΓ
ωp ∧
∗ϕp. The following properties for operators and forms
hold: dd = δδ = 0, δ = (−1)Np+N+1 ∗ d∗, **ωp =
(−1)p(N−p)ωp. The operators d and δ are adjoint to each
other with respect to this inner product for p−forms:
(δωp, ϕp) = (ωp, dϕp). In quantum field theory the La-
grangian associated with ωp takes the form: dωp ∧ ∗dωp
(gauge field) , and δωp ∧ ∗δωp (co–gauge field). The
Euler–Lagrange equations, supplied with the gauge, give:
Lpωp = 0 , δωp = 0 (Lorentz gauge); Lpωp = 0 , dωp = 0
(co–Lorentz gauge). These Lagrangians provide a possi-
ble representation of tensor fields or generalized abelian
gauge fields. The two representations of tensor fields
are not completely independent, because of the well–
known duality property of exterior calculus which gives a
connection between star–conjugated gauge and co–gauge
tensor fields. The gauge p−forms are mapped into the
co–gauge (N − p)−forms under the action of the Hodge
∗ operator. The vacuum–to–vacuum amplitude for the
gauge p−form ωp becomes [6]:
Z = N
∫
Dω exp [−(ω,Lpω)]
×
p∏
j=1
(
Volp−j(detLp−j)
(j+1)/2
)(−1)j+1
, (4)
where we need to factorize the divergent gauge group
volume and integrate over the classes of gauge transfor-
mations (ω → ω + dφ).
III. THE TRACE FORMULA APPLIED TO THE
TENSOR KERNEL
The space of smooth sections Γ∞Eτ of Eτ is just the
space of smooth p−forms on X . We can therefore apply
the version of the trace formula developed by Fried in
[7]. First we set up some additional notation. For σp
the natural representation of SO(2k − 1) on ΛpC2k−1,
we have the corresponding Harish–Chandra–Plancherel
density given – for a suitable normalization of the Haar
measure dx on G – by
µσp(r) =
π
24k−4[Γ(k)]2
(
2k − 1
p
)
Pσp(r)r tanh(πr) ,
(5)
for 0 ≤ p ≤ k − 1, where
Pσp(r) =
p+1∏
ℓ=2
[
r2 +
(
k − ℓ+ 3
2
)2]
×
k∏
ℓ=p+2
[
r2 +
(
k − ℓ+ 1
2
)2]
(6)
is an even polynomial of degree 2k − 2. We have that
Pσp(r) = Pσ2k−1−p(r) and µσp(r) = µσ2k−1−p(r) for k ≤
p ≤ 2k − 1. Define the Miatello coefficients [8] a(p)2ℓ for
G = SO1(2k + 1, 1) by
Pσp(r) =
k−1∑
ℓ=0
a
(p)
2ℓ r
2ℓ , 0 ≤ p ≤ 2k − 1 . (7)
Let Vol(Γ\G) will denote the integral of the constant
function 1 on Γ\G with respect to the G− invariant mea-
sure on Γ\G induced by dx. For 0 ≤ p ≤ N − 1 the Fried
trace formula applied to kernel holds [7]:
Tr
(
e−tLp
)
= I
(p)
Γ (Kt) + I(p−1)Γ (Kt)
+ H
(p)
Γ (Kt) +H(p−1)Γ (Kt), (8)
where I
(p)
Γ (Kt), H(p)Γ (Kt) are the identity and hyperbolic
orbital integral respectively. In the above formula
I
(p)
Γ (Kt)
def
=
χ(1)Vol(Γ\G)
4π
∫
R
drµσp(r)
× e−t(r2+b(p)+(ρ0−p)2), (9)
3H
(p)
Γ (Kt)
def
=
1√
4πt
∑
γ∈CΓ−{1}
χ(γ)
j(γ)
tγC(γ)χσp(mγ)
× e−t(b(p)+(ρ0−p)2)−t2γ/4t, (10)
where CΓ ⊂ Γ is a complet set of representations in Γ of
its conjugacy classes, C(γ) is a well defined function on
Γ − {1} (for more details see Ref. [9]), ρ0 = (N − 1)/2,
b(p) are real constants, and χσ(m) = trace(σ(m)) is the
character σ for m ∈ SO(2k − 1).
For p ≥ 1 there is a measure µσ(r) corresponding to
a general irreducible representation σ. Let σp be the
standard representation of SO(N − 1) on ΛpC(N−1). If
N = 2k is even then σp (0 ≤ p ≤ N − 1) is always irre-
ducible; if N = 2k+1 then every σp is irreducible except
for p = (N −1)/2 = k, in which case σk is the direct sum
of two spin–(1/2) representations σ± : σk = σ
+ ⊕ σ−.
For p = k the representation τk ofK = SO(2k) on Λ
kC2k
is not irreducible: τk = τ
+
k ⊕ τ−k is the direct sum of two
spin–(1/2) representations. In the case of the trivial rep-
resentation (p = 0, i.e. for smooth functions or smooth
vector bundle sections) the measure µ(r) ≡ µ0(r) corre-
sponds to the trivial representation. Therefore, we take
I
(−1)
Γ (Kt) = H(−1)Γ (Kt) = 0. Since σ0 is the trivial rep-
resentation, we have χσ0(mγ) = 1. In this case, for-
mula (8) reduces exactly to the trace formula for p = 0
[5, 9, 10, 11],
I
(0)
Γ (Kt) =
χ(1)vol(Γ\G)
4π
∫
R
dr µσ0(r)e
−t(r2+b(0)+ρ20),
(11)
H
(0)
Γ (Kt) =
1√
4πt
∑
γ∈CΓ−{1}
χ(γ)
j(γ)
tγC(γ)e
−t(b(0)+ρ20)−
t2γ
4t .
(12)
IV. THE SPECTRAL FUNCTIONS OF
EXTERIOR FORMS
The spectral zeta function related to the Laplace op-
erator Lj can be represented by the inverse Mellin trans-
form of the heat kernel Kt = Tr exp (−tLj). Using the
Fried formula, we can write the zeta function as a sum
of contributions:
ζ(s|Lj) = 1
Γ(s)
∫ ∞
0
dtts−1
×
(
I
(j)
Γ (Kt) + I(j−1)Γ (Kt) +H(j)Γ (Kt) +H(j−1)Γ (Kt)
)
≡ ζ(N)I (s, j) + ζ(N)I (s, j − 1)
+ζ
(N)
H (s, j) + ζ
(N)
H (s, j − 1). (13)
For the identity component we have
ζ
(N)
I (s, j) =
VΓ
Γ(s)
∫ ∞
0
dt ts−1
∫
R
dr µσj e
−t(r2+α2j), (14)
where VΓ = χ(1)Vol (Γ\G) /4π, and we define α2j = b(j)+
(ρ0 − j)2. Replacing the Harish–Chandra–Plancherel
measure, we obtain two representations for ζ
(N)
I (s, j),
which holds for the cases of odd and even dimension.
Thus,
ζ
(2k)
I (s, j) =
VΓC
(j)
2k
Γ(s)
k−1∑
ℓ=0
a
(j)
2ℓ,2k
×
∫ ∞
0
dt ts−1
∫
R
drr2ℓ+1tanh(πr) e−t(r
2+α2j). (15)
Using the identities
tanh(πr) = 1− 2
1 + e2πr
, (16)
∫ ∞
0
drr2ℓ−1
1 + e2πr
= (−1)ℓ−1 (1− 2
1−2ℓ)B2ℓ
4ℓ
, (17)
where Bℓ is the ℓ−th Bernoulli number, we get
ζ
(2k)
I (s, j) =
VΓC
(j)
2k
Γ(s)
k−1∑
ℓ=0
a
(j)
2ℓ,2k
× [Γ(ℓ+ 1)Γ(s− ℓ− 1)α−2s+2ℓ+2j
+
∞∑
n=0
ξnℓΓ(s+ n)α
−2s−2n
j
]
, (18)
where we have defined
ξnℓ
def
=
(−1)ℓ+1 (1− 2−2ℓ−2n−1)
n!(2ℓ+ 2n+ 2)
B2ℓ+2n+2. (19)
In the odd dimensional case we get
ζ
(2k+1)
I (s, j) =
VΓC
(j)
2k+1
Γ(s)
k∑
ℓ=0
a
(j)
2ℓ,2k+1
×
∫ ∞
0
dt ts−1
∫
R
drr2ℓe−t(r
2+α2j )
=
VΓC
(j)
2k+1
Γ(s)
k∑
ℓ=0
a
(j)
2ℓ,2k+1Γ
(
ℓ+
1
2
)
×Γ
(
s− ℓ− 1
2
)
α−2s+2ℓ+1j . (20)
The hyperbolic component of the zeta function takes the
form
ζ
(N)
H (s, j) =
∑
γ∈CΓ−{1}
χ(γ)tγC(γ)χσj (mγ)√
4πΓ(s)j(γ)
∫ ∞
0
dt
e−tα
2
j−
t2γ
4t
t−s+
3
2
.
(21)
Using the McDonald function,
Kν(z) =
1
2
(z
2
)ν ∫ ∞
0
dt
e−t−
z2
4t
tν+1
, (22)
4where |arg z| < π/2 and ℜ z2 > 0, we obtain
ζ
(N)
H (s, j) =
∑
γ∈CΓ−{1}
χ(γ)t2sγ C(γ)χσj (mγ)√
πΓ(s)j(γ)
K−s+ 12 (αjtγ)
(2αtγ)s−1/2
.
(23)
V. THE HIGH TEMPERATURE EXPANSIONS
Using the Mellin representation for the zeta function,
we can obtain useful formulas for the temperature depen-
dent part of the identity and hyperbolic orbital compo-
nents of the free energy (see for detail Refs. [10, 11, 12])
F
(N)
I,H (β, j) = −
1
2πi
∫
ℜz=c
dz
βz
ζ(z)Γ(z − 1)ζI,H
(
z − 1
2
, j
)
,
(24)
where ζ(z) is the Riemann zeta function. A tedious cal-
culation gives the following results:
F
(2k)
I (β, j) = −
VΓC
(j)
2k a
(j)
2k−2,2k√
4π
Γ(k)ζ(2k + 1)
× Γ
(
k +
1
2
)
β−2k−1
− VΓC
(j)
2k√
4π
ζ(2k − 1)Γ
(
k − 1
2
)
×
[
a
(j)
2k−4,2kΓ(k − 1)
− a(j)2k−2,2kΓ (k)
]
β−2k+1
+ O(β−2k+3), (25)
F
(2k+1)
I (β, j) = −
VΓC
(j)
2k+1a
(j)
2k,2k+1√
4π
Γ
(
k +
1
2
)
× ζ(2k + 2)Γ(k + 1)β−2k−2
− VΓC
(j)
2k+1√
4π
ζ(2k)Γ (k)
×
[
a
(j)
2k−2,2k+1Γ
(
k − 1
2
)
− a(j)2k,2k+1Γ
(
k +
1
2
)
α2j
]
β−2k
+ O (β−2k+2) . (26)
Note that the contribution associated to the hyperbolic
orbital component is negligible small.
A. The thermodynamic functions and the entropy
bound
In the context of the Hodge theory, the physical degrees
of freedom are represented by the co-exact part of the
p−form. For 0 ≤ p ≤ N − 1 the Fried trace formula
[7] applied to the tensor kernel associated with co-exact
forms has to be modified [13, 14, 15]:
Tr
(
e−tL
(CE)
p
)
=
p∑
j=1
(−1)j
[
I
(p−j)
Γ (Kt) + I(p−1−j)Γ (Kt)
+ H
(p−j)
Γ (Kt) +H(p−1−j)Γ (Kt)− bp−j
]
, (27)
where bj are the Betti numbers. Thus, the free energy
becomes
F (N)(β) =
p∑
j=0
(−1)j
(
F
(N)
I (β, p− j)
+ F
(N)
I (β, p− j − 1)
)
. (28)
In the high temperature limit (β → 0) we have
F (N)(β) = −A1(N ; Γ)β−N−1
− A2(N ; Γ)β−N+1 +O(β−N+3), (29)
where for the even dimensional case,
A1 (2k; Γ) =
VΓ√
4π
ζ (2k + 1)Γ (k) Γ
(
k +
1
2
)
× C(p)2k a(p)2k−2,2k , (30)
A2(2k; Γ) =
VΓ√
4π
ζ(2k − 1)Γ(k − 1)Γ
(
k − 1
2
)
× C(p)2k
(
a
(p)
2k−4,2k + (k − 1)a(p)2k−2,2k
)
,(31)
and for the odd dimensional case,
A1 (2k + 1; Γ) =
VΓ√
4π
ζ(2k + 2)Γ
(
k +
1
2
)
Γ(k + 1)
× C(p)2k+1a(p)2k,2k+1, (32)
A2(2k + 1; Γ) =
VΓ√
4π
ζ(2k)Γ
(
k − 1
2
)
Γ(k)
×C(p)2k+1
(
a
(p)
2k−2,2k+1 −
(
k − 1
2
)
a
(p)
2k,2k+1α
2
p
)
. (33)
The entropy and the total energy can be ob-
tained by means of the following thermodynamic re-
lations: S(N)(β) = β2∂F (N)(β)/∂β, E(N)(β) =
∂(βF (N)(β))/∂β. Therefore,
S(N) (β) = (N + 1)A1 (N ; Γ)β
−N
+(N − 1)A2 (N ; Γ)β−N+2
+O (β−N+4) , (34)
E(N) (β) = −NA1 (N ; Γ)β−N−1
− (N − 2)A2 (N ; Γ)β−N+1
+O (β−N+3) , (35)
5The ratio entropy/energy becomes
S(N)(β)
E(N)(β)
=
N + 1
N
β +
2
N2
A2(N ; Γ)
A1(N ; Γ)
β3 +O (β5) . (36)
VI. THE LOW TEMPERATURE EXPANSIONS
In the low temperature limit we can use the following
representation for the one-loop contribution to the free
energy [10, 11]:
F (N)(β) = − 1√
π
∞∑
n=1
∫ ∞
0
dt t−3/2e−n
2β2/4tTre−tL
(CE)
p .
(37)
For the identity contribution we have
F
(N)
I (β, j) =
VΓ√
π
∞∑
n=1
∫ ∞
0
dt t−3/2
∫
R
drµσj (r)
×e−t(α2j+r2)−n2β2/4t. (38)
Therefore, the following formulas hold
F
(2k)
I (β, j) =
2VΓC
(j)
N√
π
∞∑
n=1
k−1∑
ℓ=0
a
(j)
2ℓ,2k
[
23/2Γ(ℓ+ 1)
× α2ℓ+3j
Kℓ+ 32 (αjnβ)
(αjnβ)ℓ+3/2
− (−1)ℓ
∞∑
m=0
(
1− 2−2ℓ−2m−1)B2ℓ+2m+2
m! (ℓ+m+ 1) 2m−1/2
× α−2m+1j
K−m+ 12 (αjnβ)
(αjnβ)
−m+1/2
]
, (39)
F
(2k+1)
I (β, j) =
2VΓC
(j)
N√
π
∞∑
n=1
k∑
ℓ=0
a
(j)
2ℓ,2k+1Γ
(
ℓ+
1
2
)
×(2α2j)ℓ+1
Kℓ+1 (αjnβ)
(αjnβ)
ℓ+1
, (40)
F
(N)
H (β, j) = 2α
2
j
∞∑
n=1
∑
γ∈CΓ−{1}
χ (γ) tγC (γ)χσp (mγ)
πj (γ)
×
K1
(
αN
√
n2β2 + t2γ
)
(
αN
√
n2β2 + t2γ
) . (41)
Using the asymptotic expansion for the McDonald func-
tion (22)
Kν (z) =
√
π
2z
e−z
[
ℓ−1∑
k=0
Γ (ν + k + 1/2)
(2z)kk!Γ (ν − k − 1/2)
+
θΓ(ν + ℓ+ 1/2)
(2z)ℓℓ!Γ(ν − ℓ+ 1/2)
]
, (42)
for ν ∈ R, z > 0, ℓ > ν − 1/2 (ℓ = 1, 2, 3, ...), |θ| ≤ 1 (see
[16], page 963), in Eqs. (39), (40) and (41) we get the
following result for the entropy
S(N) (β) = A˜1 (N ; Γ)β
1/2 + A˜2 (N ; Γ)β
−1/2
+O
(
β−3/2
)
, (43)
where
A˜1 (2k; Γ) =
∑
γ∈CΓ−{1}
2χ (γ) tγC (γ)√
2πj (γ)
χσp (mγ)α
3/2
p
− VΓ
2π
k−1∑
ℓ=0
(−1)ℓ (1− 2−2ℓ−1)B2ℓ+2
ℓ+ 1
× C(p)2k a(p)2ℓ,2kα1/2p , (44)
A˜2 (2k; Γ) =
VΓ
π
C
(p)
2k a
(p)
0,2kα
3/2
p
+
∑
γ∈CΓ−{1}
15χ (γ) tγC (γ)
8
√
2πJ (γ)
χσp(mγ)α
1/2
p
+
3VΓ
4π
k−1∑
ℓ=0
(−1)ℓ (1− 2−2ℓ−1)B2ℓ+2
ℓ+ 1
× C(p)2k a(p)2ℓ,2kα−1/2p , (45)
A˜1 (2k + 1; Γ) =
∑
γ∈CΓ−{1}
2χ (γ) tγC (γ)√
2πj (γ)
χσp(mγ)α
3/2
p
+
VΓ√
2π
C
(p)
2k+1a
(p)
0,2k+1α
3/2
p , (46)
A˜2 (2k + 1; Γ) =
∑
γ∈CΓ−{1}
χ (γ) tγC (γ)√
2πj (γ)
χσp(mγ)
× (3α1/2p + 2α3/2p )
+
15VΓ
8
√
2π
C
(p)
2k+1a
(p)
0,2k+1α
1/2
p . (47)
The energy is given by
E(N)(β) = −A˜1 (N ; Γ)β−1/2 − A˜3 (N ; Γ)β−3/2
+ O
(
β−5/2
)
, (48)
where
A˜3 (2k; Γ) = −VΓ
π
C
(p)
2k a
(p)
0,2kα
3/2
p
− 7
4
∑
γ∈CΓ−{1}
χ (γ) tγC (γ)√
2πJ (γ)
χσp(mγ)α
1/2
p
+
VΓ
4π
k−1∑
ℓ=0
(−1)ℓ (1− 2−2ℓ−1)B2ℓ+2
ℓ+ 1
× C(p)2k a(p)2ℓ,2kα−1/2p , (49)
6A˜3 (2k + 1; Γ) =
∑
γ∈CΓ−{1}
χ (γ) tγC (γ)√
2πj (γ)
χσp(mγ)
× (α1/2p + 2α3/2p )
+
7VΓ
8
√
2π
C
(p)
2k+1a
(p)
0,2k+1α
1/2
p . (50)
For the entropy/energy ratio in low temperature limit we
get
S(N)(β)
E(N)(β)
= β − A˜3(N ; Γ)
A˜2(N ; Γ)
(
A˜2(N ; Γ)
A˜1(N ; Γ)
− A˜3(N ; Γ
A˜1(N ; Γ)
)
β−1
+ O(β−2). (51)
VII. CONCLUSIONS
We have considered gauge theories based on abelian
p−forms in real compact hyperbolic manifolds. The ex-
plicit thermodynamic functions associated with skew-
symmetric tensor fields are obtained by using zeta–
function regularization and the trace tensor kernel for-
mula. Thermodynamic quantities in the low and high
temperature limits were calculated. We also have ob-
tained the entropy/energy ratios (in both temperature
limits). The dependence on the Miatello coefficients re-
lated to the structure of the Harish–Chandra–Plancherel
measure stems from the second term of the expansion.
In the case of scalar fields (p = 0) we have Eq. (36) with
A2(2k; Γ)
A1(2k; Γ)
=
2
2k − 1
ζ(2k − 1)
ζ(2k + 1)
×
(
1
k − 1
a
(0)
2k−4,2k
a
(0)
2k−2,2k
− α20
)
, (52)
A2 (2k + 1; Γ)
A1 (2k + 1; Γ)
=
1
k
ζ (2k)
ζ (2k + 2)
×
(
2
2k − 1
a
(0)
2k−2,2k+1
a
(0)
2k,2k+1
− α20
)
, (53)
where α20 = ρ
2
0 + m
2 (α20 = ρ
2
0 for the massless case).
For three-dimensional hyperbolic manifolds the Miatello
coefficients read [17]: a
(0)
0 = a
(0)
2 = 1 and therefore
S(3)(β)
E(3)(β)
=
4
3
β +
10
3π2
(2− α20)β3 +O(β5). (54)
This formula is in agreement with the result obtained
in [4] where entropy bounds were calculated for spheri-
cal geometry and where the dependence on geometry of
the backgrounds also stems from the second term of the
expansion.
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